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Abstract
We study the magnetocaloric effect for the integrable antiferro-
magnetic Heisenberg spin chain with competing interactions. We com-
puted the Gru¨neisen parameter, which is closely related to the mag-
netocaloric effect, for the quantum spin chain in the thermodynamical
limit. This is obtained by means of the solution of a set of non-linear
integral equations, which describes the thermodynamics of the model.
We also provide results for the entropy S and the isentropes in the
(H,T ) plane.
∗pavan@df.ufscar.br
1 Introduction
The magnetocaloric effect refers to any temperature change of magnetic sys-
tems induced by an adiabatic variation of the magnetic field. In the last
decade, this effect received increasing attention from experimental as well as
theoretical viewpoint [1, 2].
Moreover, the magnetocaloric effect has been described by means of exact
and numerical tools in various one-dimensional interacting spin systems [3–
11]. Besides its quantitative description, it has been also observed that there
is an enhancement of the magnetocaloric effect in the vicinity of quantum
critical points [6, 7].
Recently these studies have been extended to the case of spin-1/2 XX
chains with three-spin interactions [10] and Ising-Heisenberg four-spin in-
teractions [11]. A natural extension of these results would be the study
of integrable spin-1/2 Heisenberg model with additional interaction among
spins further apart. This is specially interesting due to the existence of quasi
one-dimensional quantum magnets, which can be described by spin-1/2 with
next-nearest neighbour interactions [12].
In this paper, we are interested in the exact computation of the mag-
netocaloric effect for the integrable antiferromagnetic spin-1/2 Heisenberg
model with additional interactions among three and four spins. This can
be obtained from the related quantity called Gru¨neisen parameter ΓH =
1
T
(
∂T
∂H
)
S
= − 1
CH
(
∂M
∂T
)
H
. We also compute the entropy and the isentropes in
the (H, T ) plane. These integrable spin chain with competing interactions
(three-spin, four-spin and so on) can be constructed by an arbitrary number
of staggering parameters [13, 15, 16, 21].
The thermodynamic quantities required to achieve this goal, like entropy,
specific heat and magnetization, are determined as a function of temperature
2
and magnetic field. This is obtained by means of the solution of a finite set
of NLIE which arises from the QTM approach [17–19, 22].
This paper is organized as follows. In section 2, we outline the integrable
Hamiltonians and the associated integral equations. In section 3, we present
our results for the magnetocaloric effect and the isentropes in the (H, T )
plane. Our conclusions are given in section 4.
2 Hamiltonian and integral equations
The integrable spin-1/2 Heisenberg model with interaction among more spins
can be constructed within the quantum inverse scattering method by the
introduction of certain staggering spectral parameter [13, 15, 16, 21]. We
give below the explicit expression for the three and four spin interaction
Hamiltonians [22],
H3 =
1
8(1 + θ21)
2L∑
i=1
[−(2+θ21)+2~σi ·~σi+1+θ
2
1~σi ·~σi+2+(−1)
iθ1~σi ·~σi+1×~σi+2],
(1)
and
H4 =
1
2
3L∑
i=1
c0,i(θ1, θ2) + c1,i(θ1, θ2)~σi · ~σi+1 + c2,i(θ1, θ2)~σi · ~σi+2+
c3,i(θ1, θ2)~σi · ~σi+1 × ~σi+2 + c4,i(θ1, θ2)~σi · ~σi+3 + c5,i(θ1, θ2)~σi · ~σi+1 × ~σi+3+
c6,i(θ1, θ2)~σi · ~σi+2 × ~σi+3 + c7,i(θ1, θ2)~σi · (~σi+1 × (~σi+2 × ~σi+3)), (2)
where θi are free parameters. The coefficients ck,i have the periodicity prop-
erty ck,i+3 = ck,i and their explicit forms are given in appendix A. These
Hamiltonians can be viewed as a two-chain spin model with zigzag interchain
interaction [17] and as a three-chain with multiple interchain interactions [22].
Note that θi → 0 recover the usual Heisenberg spin chain.
3
The free-energy in the thermodynamic limit for the above spin chains (1)
and (2) are given as follows,
f = e0 −
1
(M − 1)β
M−1∑
j=1
(
K ∗ lnBB¯
)
(−θj−1), (3)
where the ground state energy is given by
e0 = −
1
2
∫ ∞
−∞
1
1 + e|k|
∣∣∣∣∣
∑M−1
j=1 e
ikθj−1
(M − 1)
∣∣∣∣∣
2
dk.
The auxiliary functions B = b+1, B¯ = b¯+1 are solutions a set of non-linear
integral equations [22],
ln b(x) = βd+(x) + (K ∗ lnB(x))(x)− (K ∗ ln B¯(x))(x+ i), (4)
ln b¯(x) = βd−(x)− (K ∗ lnB(x− i))(x) + (K ∗ ln B¯(x))(x), (5)
where β = 1/T , d±(x) = −
1
M−1
∑M−1
j=1
pi
2 cosh(pi(x+θj−1))
± H
2
, θ0 = 0 and the
symbol ∗ denotes the convolution f ∗ g(x) = 1
2pi
∫∞
−∞
f(x − y)g(y)dy. The
kernel is given by K(x) =
∫∞
−∞
e−|k|/2+ikx
2 cosh [k/2]
dk.
3 Gru¨neisen parameter and entropy
In this section we will present the results for the Gru¨neisen parameter, which
is closely related to the magnetocaloric effect. We will also show the results
for the entropy and the isentropes in the (H, T ) plane. The results were ob-
tained from the numerical solution of the above non-linear integral equations.
Typically, these equation are solved by iteration and it allows for accurate re-
sults of the thermodynamical quantities at finite temperatures and magnetic
fields.
In the case of three-spin (M = 3) interaction Hamiltonian (1), one has
three different phases [17,20–22]. There is a ferromagnetic phase with gapped
4
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Figure 1: (Color online) Magnetic susceptibility on the plane (H, θ) at T = 0
for (a) M = 3 and (b) M = 4.
excitations where the entropy vanishes and the magnetization saturates and
two gapless phases which are the commensurate one for small θ and the
incommensurate one for large θ [17,20,21]. The ground state phase diagram
can be read from the magnetic susceptibility at zero temperature, see Figure
1a. In the limits θ = 0 and θ →∞, we have a single chain of length 2L and
two non-interacting chains of length L, respectively.
In the Figure 2, for the temperature T = 0.02, we can see the transi-
tion between the gapless phases and between the gapless and ferromagnetic.
This is typically signaled by sign changes of the Gru¨neisen parameter from
negative to positive values toward the higher fields values. For higher temper-
atures, like T = 2, we can see that the characteristic behaviour disappears,
which implies that the thermal fluctuations are already strong enough to
drive the system to excited states where no quantum phase transition effects
remain.
On the other hand, in the case of four-spin (M = 4) interaction Hamil-
tonian (2), we have chosen θ1 = 0 and θ2 6= 0. This address to the case of
two coupled chains of length L and 2L. The chains have different intrachain
5
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Figure 2: (Color online) The Gru¨neisen parameter ΓH for M = 3, 4 for
different values of θ and temperature: (a) T = 0.02 and θ = 0.25, (b) T = 2
and θ = 0.25, (c) T = 0.02 and θ = 1.5 and (d) T = 2 and θ = 1.5.
coupling constants, which result in a superposition of phases [22]. We have
four different phases which can be seen in Figure 1b. This can also be no-
ticed at low temperatures by the sign changes in Figure 2a and Figure 2c.
In the limits θ → 0 and θ →∞, we have a single chain of length 3L and two
non-interacting chains of different lengths L and 2L, respectively [22].
In Figure 3, we present the entropy and the isentropes for the spin chain in
the (H, T ) plane for M = 3, 4. The quantum phase transitions are indicated
by the isentropes, which are tilted towards the quantum critical point [7],
showing that the entropy peaks at the critical point [7]. The Gru¨neisen pa-
rameter has a different sign on each side of the quantum critical point as we
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Figure 3: (Color online) Entropy S(H, T ) for M = 3 (a) θ1 = 0.25 and (b)
θ = 1.5; and for M = 4 (θ1 = 0) (c) θ2 = 0.25 and (d) θ2 = 1.5. The
isentropes are for S = 0.05, 0.1, 0.15, . . . , 0.65.
have shown on Figure 2. This is due to the fact that this parameter is propor-
tional to the slope of the isentropes
(
∂T
∂H
)
S
. Moreover, a large magnetocaloric
effect is indicated by the steep isentropes nearby the critical point.
4 Conclusion
We studied the magnetocaloric effect in the quantum spin chains with com-
peting interactions involving three and four spins. We exploited the tools
of integrability which allow us to construct such integrable chains as well as
obtain non-linear integral equations to the thermodynamic quantities. We
have computed the Gru¨neisen parameter in the thermodynamic limit as a
7
function of magnetic field, temperature and the Hamiltonian control θi pa-
rameter. In addition, the entropy in the (H, T ) plane and its isentropes have
been obtained, which indicates the existence of a large magnetocaloric effect
close to the critical points.
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Appendix A: List of Coefficients H4
In this appendix we define explicitly the Hamiltonian coefficients (2).
c0,1 = −
3 + 2θ22 + 2(θ2 − θ1)
2 + θ22(θ2 − θ1)
2
6(1 + θ22)(1 + (θ2 − θ1)
2)
(A.1)
c0,2 = −
3 + 2θ21 + 2(θ2 − θ1)
2 + θ21(θ2 − θ1)
2
6(1 + θ21)(1 + (θ2 − θ1)
2)
(A.2)
c0,3 = −
3 + 2θ21 + 2θ
2
2 + θ
2
1θ
2
2
6(1 + θ21)(1 + θ
2
2)
(A.3)
c1,1 =
1
6(1 + θ1
2)(1 + θ2
2)
+
1
3(1 + (θ2 − θ1)
2)
(A.4)
c1,2 =
1
6(1 + θ2
2)(1 + (θ2 − θ1)
2)
+
1
3(1 + θ1
2)
(A.5)
c1,3 =
1
6(1 + θ1
2)(1 + (θ2 − θ1)
2)
+
1
3(1 + θ2
2)
(A.6)
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c2,1 =
θ21
6(1 + θ1
2)(1 + θ2
2)
+
(θ2 − θ1)
2
6(1 + θ2
2)(1 + (θ2 − θ1)
2)
(A.7)
c2,2 =
θ21
6(1 + θ1
2)(1 + (θ2 − θ1)
2)
+
θ2
2
6(1 + θ2
2)(1 + (θ2 − θ1)
2)
(A.8)
c2,3 =
θ22
6(1 + θ1
2)(1 + θ2
2)
+
(θ2 − θ1)
2
6(1 + θ1
2)(1 + (θ2 − θ1)
2)
(A.9)
c3,1 =
θ1
6(1 + θ1
2)(1 + θ2
2)
+
θ1 − θ2
6(1 + θ2
2)(1 + (θ1 − θ2)
2)
(A.10)
c3,2 =
−θ1
6(1 + θ1
2)(1 + (θ2 − θ1)
2)
+
−θ2
6(1 + θ2
2)(1 + (θ1 − θ2)
2)
(A.11)
c3,3 =
θ2
6(1 + θ1
2)(1 + θ2
2)
+
θ2 − θ1
6(1 + θ1
2)(1 + (θ1 − θ2)
2)
(A.12)
c4,1 =
θ2
2(θ2 − θ1)
2
6(1 + θ2
2)(1 + (θ2 − θ1)
2)
, c4,2 =
θ1
2(θ2 − θ1)
2
6(1 + θ1
2)(1 + (θ2 − θ1)
2)
(A.13)
c4,3 =
θ1
2θ2
2
6(1 + θ1
2)(1 + θ2
2)
, c5,1 =
(θ1 − θ2)θ2
2
6(1 + θ2
2)(1 + (θ2 − θ1)
2)
(A.14)
c5,2 =
−θ1(θ2 − θ1)
2
6(1 + θ1
2)(1 + (θ2 − θ1)
2)
, c5,3 =
θ2θ1
2
6(1 + θ1
2)(1 + θ2
2)
(A.15)
c6,1 =
−θ2(θ1 − θ2)
2
6(1 + θ2
2)(1 + (θ2 − θ1)
2)
, c6,2 =
(θ2 − θ1)θ1
2
6(1 + θ1
2)(1 + (θ2 − θ1)
2)
(A.16)
c6,3 =
θ1θ2
2
6(1 + θ1
2)(1 + θ2
2)
, c7,1 =
−θ2(θ1 − θ2)
6(1 + θ2
2)(1 + (θ2 − θ1)
2)
(A.17)
c7,2 =
−θ1(θ2 − θ1)
6(1 + θ1
2)(1 + (θ2 − θ1)
2)
, c7,3 =
θ1θ2
6(1 + θ1
2)(1 + θ2
2)
(A.18)
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